We defined a 3-dimensional local number, LN3D, and its probability distribution to describe the spatial distribution of new grains in phase transformation, and suggested a modification of Kolmogorov-Johnson-Mehl-Avrami (KJMA) equation for clustered nucleation using parameters of the probability distribution of LN3D. This modification was validated by computer experiments assuming the isotropic growth of new grains but changing their spatial and size distribution. It was demonstrated that modified KJMA equation could be applied to clustering spatial distribution of new grains, regardless of the size distribution of them. In addition, the effective surface area was derived from the modified KJMA equation and was compared with the previous model.
Introduction
In the analysis or the computer modeling of the processes of solidification, recrystallization, solid phase transformation, initiation and growth of internal micro cracks in deformation or other processes in association with stochastic phenomena in materials, the following Kolmogorov-JohonsonMehl-Avrami (KJMA) equation [1] [2] [3] [4] is frequently used:
where V ex is the volume fraction of the transformed phase in the absence of impingement (the extended volume fraction) and V is the volume fraction of the transformed phase (the real volume fraction). The essential feature of the KJMA equation is that the nucleation sites are assumed to be randomly distributed. However, it is widely recognized that the nucleation sites of solidification, 5, 6) recrystallization, [7] [8] [9] solid phase transformation 10) and micro crack initiation 11) are often distributed non-randomly, clustering or ordering spatial distribution, and modification of the KJMA equation have been controversial. Besides, the surface area, which participates in the growth (the effective surface area), A, is important in phase transformation, and general representations of A have been discussed once. [12] [13] [14] [15] [16] [17] Over the last decade, computer modeling is becoming a powerful tool for analyzing phase transformations governed by nucleation and growth, and validity of the KJMA equation was verified by using various models. [18] [19] [20] It is thought that deviations from the KJMA equation are attributable to nonrandom nucleation and anisotropic growth of new grains, and some researchers [21] [22] [23] [24] have suggested modification of the KJMA equation recently. However, the modification that can predict these effects perfectly have not been developed, since characterizing non-random spatial distribution of new grains is difficult and its evaluating method for this problem has not been developed.
In our previous works, 25, 26) 3-dimensional local number, LN3D, and 2-dimensional local number, LN2D, were defined as the number of gravity centers (GCs) of second phase particles in the measuring sphere and circle with specially determined radii, respectively. We suggested the quantitative method to evaluate the spatial distribution of second phase particles using the relative frequency distributions of LN3D and LN2D, and demonstrated that randomness of second phase particles was correctly evaluated in 3-and 2-dimensions by this method. 25) Additionally, we suggested the statistical relationship of probability distributions between LN2D and LN3D concerning clustering spatial arrangements and demonstrated that probability distributions of either LN3D or LN2D could be predicted from the measured relative frequency distributions of another dimension using this relationship. 26) This relationship was based on the consideration that a clustering spatial distribution could be approximated by composition of a number of random distributions. In the present work, we suggested the modification of KJMA equation for clustered nucleation using this consideration, and validated the modified KJMA equation with computer experiments assuming the isotropic growth of new grains but changing the spatial and size distribution of them.
Procedure of Computer Experiments

Definition of LN3D
The number of GCs of new grains in the measuring sphere, whose center is put at GC of a noticed grain, was defined as LN3D. 25, 26) The radius of the measuring sphere was determined so that the number density of the sphere including GCs of 13 grains corresponds to the whole number density in 3-dimension, where 13 means the number of a noticed grain and nearest neighbor grains in the measuring sphere when assuming close packed structure. The measuring radius, R 3D , is represented by 13 4R
where V is the whole number density. LN3D represent local number density including a noticed and its neighboring grains. One specific value of LN3D is given to each grain and this is regarded as one of characteristics of a noticed grain similar to its size, its shape and so on.
When GCs of new grains have the close-packed arrangement, the relative frequency distribution of LN3D, using the measuring sphere defined above, exhibits delta function: the frequency of 13 is 1 and the frequencies of others are 0. When GCs of new grains have the uniform random arrangement in 3-dimension, we can expected that the relative frequency distribution of LN3D exhibits modified Poisson distribution 25) and the probability of LN3D is represented by
The average and variance of this distribution are 14 and 13, respectively. Conversely, if a measured relative frequency distribution of LN3D corresponds to the probability distribution represented by eq. (3), the spatial distribution of GCs of new grains can be regarded as uniform-random. Figure 1 shows the 3-dimensional computational space to arrange new grains. In order to eliminate errors near surfaces, this computational space consists of the measurement domain and the experimental domain. The measurement domain is included in the experimental domain. The size of the measurement domain is L 0 Â L 0 Â L 0 , where L 0 is nondimensional length. The size of the experimental domain was extended to ensure that the measuring spheres stayed within the experimental domain. The extended length was 1.2 times as large as the radius of the measuring sphere. Since the new grains were distributed in the experimental domain but LN3D were only measured in the measurement domain, this extension could eliminate errors near surfaces of the measurement domain. The measurement domain is divided into twenty-seven sub-boxes and each sub-boxes have a specific sub-box number as shown in Fig. 1 . Sub-boxes contacting with the experimental domain were extended to them. The specific sub-box numbers increases with increasing the distance from the original point.
Measurement of LN3D
We assumed isotropic growth of new grains, and the shape of new grains was set at spherical. We changed the clustering tendency of new grains with changing the number density of new grains in sub-boxes. Five types of spatial distributions (SPD 1-SPD 5) which have different clustering tendencies were evaluated in the present calculation as shown in Fig. 2(a) . In SPD 1, the number densities of all sub-boxes were kept at N 0 =L 3 0 , where N 0 is the number of new grains in the measurement domain, and GCs of new grains have the uniform random arrangement. In SPD 2 and SPD 3, the number densities of sub-boxes decrease linearly. The maximum and minimum number densities were respectively set at 1:5N 0 =L Fig. 2(a) . Five empty sub-boxes (empty of 18.5 percent) and eight empty sub-boxes (empty of 29.6 percent) were introduced in SPD 6 and SPD 7, respectively, while the number densities of other sub-boxes are equivalent. The GCs of new grains were positioned in each sub-box randomly by computer-generated uniform random number, keeping the given number density.
We changed sizes of new grains with changing the extended volume fraction. The extended volume fraction, overlap permissive volume fraction, V ex;0 , was set as a setting value, and a normal diameter of new grains, d 0 , was given by 
Three types of size distributions (SID 1-SID 3) were evaluated in the present calculation as shown in Fig. 2 (b). SID 1 is the mono-sized distribution and the diameter of all grains is set at d 0 . SID 2 and SID 3 have eleven classes of diameters, and the diameters of new grains are varied linearly. The maximum and the minimum diameters were set at 1:9d 0 and 0:1d 0 , respectively. The numbers of new grains for each class are also varied linearly, and the maximum and the minimum numbers of grains were set at 1:9N 0 =11 and 0:1N 0 =11, respectively. Eleven models (Model 1-Model 11) were totally evaluated in the present calculation, changing the spatial distribution and the size distribution as shown in Table 1 . The measurement of LN3D was carried out in two iterations. In the first, total number of GCs of new grains included in the measurement domain, N V , was counted. Whole number density per unit volume, V , was calculated by V ¼ N V =L 3 0 , and R 3D was calculated by eq. (2). In the second, measuring spheres with the radius, R 3D , were defined for all GCs of new grains in measurement domain, and GCs included in each measuring sphere were counted. About 60000 data of LN3D were collected for each model, and the relative frequency distributions of LN3D were obtained.
Measurement of the extended volume fraction and
the real volume fraction The extended volume fraction was set as a setting value to determine the normal diameter of new grains as described in the previous subsection, but the extended volume fraction doesn't correspond to that setting value due to the spatial distribution and the size distribution of grains. Therefore, it is necessary to measure the extended volume fraction newly and, in addition, the real volume fraction. In order to measure the extended and real volume fraction, 3-dimensional measuring points, N total (¼ N ms Â N ms Â N ms ) were arranged in the measurement domain, where N ms is the number of measuring points on Cartesian axis. The extended volume fraction V ex,ms and the real volume fraction V ms were given by
respectively, where N ex is the number of measuring points included in new grains with considering overlaps and N real is that without considering overlaps. For example, if a measuring point were included in 3 grains, 3 were counted in N ex but only 1 was counted in N real . N ms was set at about 100 to obtain reliable values of V ex,ms and V ms .
2.4 Decomposition of the relative frequency distribution of LN3D If a clustering spatial distribution can be approximated by composition of a number of random distributions, the relative frequency distribution of LN3D is decomposed into a number of modified PDs, with the same form as eq. (3) of different number densities. In this case, we assume that the probability of LN3D is represented by
where N P is the number of decomposed PDs, f i is the fraction of the number of GCs included in the i-th PD and a i is the i-th PD's variance: the average is a i þ 1. In order to fit this probability distribution to the measured relative frequency distribution of LN3D, the mean-square error, E LN3D , was defined as follows,
where F is the measured relative frequency distribution of LN3D and M is the maximum local number. E LN3D was minimized using conjugated gradient method, 27) and details of the fitting procedure were described in Ref. 26).
Results and Discussion
Relative frequency distribution of LN3D
Figure 4(a) shows the measured relative frequency distribution of LN3D in Model 1, 6 and 7. The theoretical probability distribution expected by eq. (3) is also shown in Fig. 4(a) . The measured distributions of LN3D in Fig. 4 (a) agree with the theoretical distribution. When GCs of new grains have the uniform random arrangement in 3-dimension like Model 1, 6 and 7, the relative frequency distributions of LN3D exhibit PD represented by eq. (3).
Figure 4(b) shows the measured relative frequency distribution of LN3D in Model 1, 2, 3, 4, 5, 8, 9, 10 and 11. The relative frequency distributions of LN3D shift to larger local number from Model 1 to 9 in which the clustering tendency becomes stronger. Model 3 and 8 had the identical spatial distribution, SPD 3, and Model 5 and 9 also had the identical spatial distribution, SPD 5, while these size distributions were different. The measured relative frequency of Model 3 and 8 agree with each other and that of Model 5 and 9 also do. In other words, size distributions of new grains did not affect relative frequency distributions of LN3D, and this is thought to be natural since we took into account only GCs when measuring LN3D. In Model 4, 5 and 9, the relative frequency distributions have a sub-peak in the lower LN3D. When the clustering tendency is very strong, density of new grains varies suddenly and a boundary region appear between grain-clustering and -empty regions. This boundary region possibly causes increase in a specific lower LN3D, and the sub-peak seems to be appeared. The relative frequency distributions of Model 10 and 11 are narrower than that of Model 2 to 9. Because LN3D is not measured in empty region and the other region is uniform random, narrower distributions are observed in Model 10 and 11. Table 2 shows the average and the variance of the theoretical distribution of Poisson point field and the measured distributions, where LN3D av and LN3D var are the average and the variance of LN3D, respectively. When the clustering tendency becomes stronger, LN3D av and LN3D var increase except LN3D var in Model 5 and 9. Because the number densities of new grains in sub-boxes varied more sharply, LN3D var in Model 5 and 9 would decrease. However, LN3D av and LN3D var are proper descriptors to evaluate the clustering tendency. Figure 5 shows the relation between 1 À expðÀV ex,ms Þ and V ms which were measured in the seven models (Model 1, 2, 
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Relative Frequency Relative Frequency, Probability 3, 4, 5, 10 and 11). These seven models had the different spatial distributions while these size distributions were identical, mono-sized. The linear line is plotted by eq. (1), and open circles (Model 1) are on the line. The squared correlation coefficient between 1 À expðÀV ex,ms Þ and V ms was 0.99996 and almost 1.0 for Model 1, where this value was rounded off to five decimal places. This means that the measurement of V ex,ms and V ms using the 3-dimensional measuring points, N total , was conducted with satisfactory accuracy since Model 1 had the uniform random arrangement. Triangles, squares, diamonds, inverted triangles, filled circles and filled squares (Model 2, 3, 4, 5, 10 and 11) deviate downwards when the volume fraction approaches to 1.0.
Since overlapped volumes increase with increasing the clustering tendency, the deviation from eq. (1) increases with increasing the clustering tendency. In the lower volume fraction, this deviation is small since overlapped volumes are small. These results suggest that the KJMA equation, eq. (1), cannot be applied to the clustering arrangement of new grains. Farjas and Roura 20) presented a simple numerical model which calculated the kinetics of crystallization involving randomly distributed nucleation and isotropic growth, and they concluded that KJMA equation was valid even if the size distribution of new grains varied during crystallization. Isotropic growth of new grains was assumed in our computer experiments, and our results agreed with their results although our simulation model was different from theirs.
3.3 Modification of the KJMA equation for clustering spatial distributions As described in the previous subsection, we noted that the KJMA equation couldn't be applied to the clustering arrangement of new grains (Model 2, 3, 4, 5, 8, 9, 10 and 11). In this subsection, we suggest the modification of the KJMA equation for the clustering arrangements.
If the relative frequency distribution of LN3D is decomposed into a number of PDs, it is considered that the 3-dimensional space is occupied by a number of random graingroups. Figure 7 (a) schematically shows the PD graingroups, gathering dispersed grains belonging to the same PD grain-group at one region. Since grains in each PD groups are dispersed randomly, the KJMA equation is supposed to be applicable to each PD group. Then, the total volume is supposed to be represented by the sum of volumes of all PD groups. From these assumptions, the KJMA equation is modified as described below. Because the radius of the measuring sphere was calculated by the whole number density of new grains, the average of LN3D decreases in the dilute group and increases in the dense group as shown in Fig. 7(a) . If GCs of new grains in Fig. 7(a) have the uniform random arrangement in 3-dimension with the number density keeping, the average of LN3D is equal to 14. The ratio of the i-th PD's average to 14, c i , is given by
where a i þ 1 is the i-th PD's average. The fraction of the number of new grains included in the i-th PD group, f i , is given by
where n i is the number of new grains included in the i-th PD group and n is the total number of new grains in Fig. 7(a) . When the i-th PD group is extended to the whole region as shown in Fig. 7(b) , the total number of new grains changes to c i n. The volume fraction occupied by the new grains of the i-th PD group, v i , is equal to the ratio of the number of new grains included in the i-th PD group to the total number of new grains. Using eq. (9), v i is given by
The extended volume fraction of i-th PD group is given by c i V ex , and the KJMA equation for i-th PD group is represented by
where V i is the real volume fraction of i-th PD group. Finally, the modified KJMA equation was represented by
where N P is the number of decomposed PDs. It is noted that c i and f i is obtainable from 2-dimensional microscopic images using the following statistical relationship that we have proposed, 26) c i ¼
where a i;2D and f i;2D are 2-dimensional PD's parameters which can be evaluated by decomposing a measured relative frequency distribution of LN2D. Equation (12) can be applied to the case of spatial inhomogeneity of nucleation site because the parameters of spatial distribution, c i and f i , were introduced. However, eq. (12) can't be applied to the case of inhomogenity of nucleation rate. In order to introduce this inhomogenity, it is necessary to substitute Bt k i for V ex in eq. (12), where B is a constant, t is time and k i is Avrami exponent which depends on nucleation rate of i-th PD group. At the present study, the effect of inhomogenity of nucleation rate was not examined in computer experiments, and further research is necessary to determine k i .
Validation of the modified KJMA equation
The measured relative frequency distributions of LN3D, F, were decomposed into a number of PDs as shown in Fig. 8(a) to (h), where P i is the probability of the i-th decomposed PD and P is the sum of the decomposed PD's probability. P is represented by eq. (6). The squared correlation coefficient between F and P, r 2 D , is also shown in Fig. 8(a) to (h) . In all the models, r 2 D is almost equal to 1, and the measured F could be decomposed properly. These results suggest that clustering arrangements of new grains are approximated by composition of a number of random arrangements. The number of PDs, N p , was four in Model 10, five in Model 2, 9 and 11, six in Models 3, 5 and 8 and seven in Model 4. It is noticed that N p of Model 9 is different from that of Model 5 while they had the identical spatial distribution, SPD 5. Since many fitting parameters, N p , f i and a i , were used to decompose the measured F, several combinations of the fitting parameters are prospected. Therefore, this difference was possibly caused. 
where v is the sum of volume fractions of all PD groups and represented by Fig. 7 The schematics of (a) 3-dimensional space that is divided into a number of PD groups. The i-the PD group is extended to the whole region in 3-dimension as (b).
The obtained v from the decomposition of the relative frequencies in Model 2, 3, 4, 5, 8, 9, 10 and 11 are shown in Table 3 , and v decreases from 1.0 with increasing the clustering tendency. Empty space was not evaluated by the measurement of LN3D since the measuring spheres were only defined on GCs of new grains, and this caused the decrease of v. When V ex increase to infinity, the second term of the right-hand member of the eq. (14) approaches to 0.0 and the left-hand member of the eq. (14), V, approaches to 1.0. Therefore, the equality of eq. (14) was gradually diminished when V approaches to v. This mathematical explanation is thought to be related to the following effect. When the empty space exist, a boundary region appears between grain-existing and -empty regions, and grains at this boundary cover the empty space with increasing the volume fraction. When grain-existing and -empty regions suddenly changed such as Model 10 and 11, this effect seems to become dominant suddenly, as shown in Figs. 9(e) and (f). When grain-existing and -empty regions gradually changed such as the other models, this effect seems to become dominant gradually. We estimated the upper limit, V lm , until which the deviation between V cal and V ms in Figs. 9 is smaller than 1 percent. Table 3 shows V lm and the difference between v and V lm , v À V lm . V lm is not specified in Model 2, because the deviation between V cal and V ms was always smaller than 1 percent. Although v À V lm is zero in Model 10 and 11, v À V lm increases with increasing the clustering tendency in the other models. Because LN3D var in Table 2 also increase with the clustering tendency, v À V lm seems to relate to LN3D var . Figure 10 shows the relation between LN3D var /13 and v À V lm , and these relation is approximated by
where p is a fitting parameter and 0.005. LN3D var and v are evaluated from a measured relative frequency and V lm is calculated by eq. (16) . V lm can be used as an approximate limit until which the modified KJMA equation, eq. (12), is valid.
3.5 Effective surface area derived from the modified KJMA equation The effective surface area, A, is derived from eq. (1) and represented by
where A ex is the extended surface area. Hillert et al. 12) proposed the modification of eq. (17) for non-random spatial distribution of new grains, and A is represented by
where m is a constant and depends on the deviation of the arrangements of new grains from the uniform random arrangements. They suggested that m is larger than 1 in the case of clustering arrangements and m is smaller than 1 in the case of ordering arrangements. In this subsection, we try to derive the effective surface area, A, from the modified KJMA equation.
The derivative of eq. (14) with respect to a radius of new grains, r, is represented by
dV=dr is the effective surface area and denoted by A. dV ex =dr is the extended surface area and denoted by A ex . Then, eq. (19) is transformed to 
We can reduce V ex from eq. (20) using eq. (11), and A=A ex is represented by
V i is the real volume fraction and measurable in real microstructures. Figure 11 shows the relation between V ms and A=A ex which were measured in five models ( (18) and (20) increases with increasing the clustering tendency. We proposed a modification of KJMA equation with taking into account the spatial distribution of new grains, and verify validity of the proposed equation, eq. (14), in the previous subsection. Therefore, we think that A=A ex calculated by eq. (20) , which is derived from eq. (14), is more valid than that calculated by eq. (18). However, eq. (18) is thought to be practically good approximation for the relations between V and A=A ex although its deviation become larger in stronger clustering arrangements of new grains.
Conclusion
We defined 3-dimensional local number, LN3D, and its probability distribution to describe the spatial distribution of new grains in phase transformation. Validity of the original KJMA equation, eq. (1), for clustering spatial distributions was verified by computer experiments assuming the isotropic growth of new grains but changing the spatial and size distribution of them, and it was reaffirmed that the original KJMA equation couldn't be applied to the clustering spatial distributions of new grains.
Then, we suggested a modification of KJMA equation for clustering spatial distributions using parameters of the probability distribution of LN3D, and validity of this modification was verified. It was confirmed that the modified KJMA equation, eq. (12), was applicable to clustering spatial distributions, regardless of the size distribution of new grains. However, inconsistency of eq. (12) appeared at the higher volume fraction if the empty region which couldn't be evaluated by the measurement of LN3D was large.
In addition, the effective surface area was derived from eq. (12) and was compared with the previous model proposed by Hillert 
